A study on the double helical gear transmission with curve element constructed tooth pairs is carried out in this paper. Generation and mathematical model of tooth profiles are proposed based on the geometric relationship. Tooth profiles equations are derived considering the developed equidistance-enveloping approach. Design of tooth profiles with point contact is conducted and numerical example is illustrated. And the solid models of double helical gear pair with curve element constructed tooth pairs are established. Computerized design and meshing simulation are also put forward. Furthermore, stress analysis of the gear pair is conducted and gear prototypes are manufactured using CNC machining technology. Further tooth contact analysis, dynamic and experimental studies on transmission properties of gear prototypes will be carried out.
Introduction
New types of gear drive are currently research focus for high transmission performance requirements. Various theories, design, and analysis approaches were provided by researchers. Utilizing the face-milling cutter, Fuentes et al. [1] put forward general geometric descriptions of circular arc gears with curvilinear teeth. Generation process of gear pair was given. Meshing simulation and tooth contact analysis were also carried out. Considering the intermediary helicoid as basic generation, using the established circular arc profile in axle plane, Dudás [2] presented the mathematical model and motion simulation of a worm gear drive. Based on the theory of gear kinematics, Zimmer et al. [3] derived a mathematical framework to calculate geometric relationships of arbitrary gear types and the general algorithms were illustrated. Kahraman [4] developed a family of torsional dynamic models of compound gear sets to predict the free vibration characteristics under different kinematic configurations resulting in different speed ratios. The compound gear sets considered consist of two planes of single-or doubleplanet gear sets connected by a straight long planet. Kahraman [5] also provided a model to predict load-dependent (mechanical) power losses of spur gear pairs based on an elastohydrodynamic lubrication (EHL) model. Simon [6] put forward a new type of cylindrical worm gear drive. The worm is ground by a grinding wheel of a double arc profile, and the obtained worm profile is concave. The teeth of the gear are processed by a hob whose generator surface corresponds to the worm surface. Simon [7] also developed the design and manufacturing methods of the hob for processing a worm gear with circular axial profile. Bahk et al. [8] investigated the impact of tooth profile modification on spur planetary gear vibration. The analytical model was proposed to capture the excitation from tooth profile modifications at the sunplanet and ring-planet meshes. Song et al. [9] designed the conjugated straight-line internal gear pairs for fluid power gear machines. The conjugated straight-line internal gear pair includes a pinion with straight-line profile and an internal gear with profile conjugated to the pinion profile.
Mathematical Problems in Engineering
Huang et al. [10] proposed an internal mesh planetary gear with small tooth number difference (PGSTD), and dynamic characteristics analysis was carried out. Lin [11] provided a new non-circular bevel gear based on the combination of cam mechanism and non-circular bevel gear.
For double helical gear drive, it has currently attracted more attentions in the field of low speed and heavy load machinery. Sondkar et al. [12] established the dynamic model of double helical planetary gear pair. A linear, time-invariant form was developed and further studies on dynamic characteristics were carried out. Zhang et al. [13] investigated the computerized design and simulation of meshing of modified double circular arc helical gears by tooth end relief with helix. The proposed theory was illustrated with numerical examples which confirm the advantages of the gear drives of the modified geometry. According to the characteristic of tooth profile modification, Wang et al. [14] presented the method of three-segment modification for pinion profile. The optimization results of tooth profile and axial modification without consideration of axes error can reduce the loaded transmission error. Kawasaki et al. [15, 16] proposed a manufacturing method of double helical gears using a multiaxis control and multitasking machine tool. The pitch errors, tooth thickness, runout, profile, lead, and surface roughness of manufactured double helical gears were also measured. Otherwise, the relationship between the tool wear and life time of the end mill was made clear. And the manufacturing method was applied to the gears for a double helical gear pump.
To obtain the better transmission performance and to meet the higher strength requirements, a new double helical gear transmission with curve element constructed tooth pairs is studied in this paper. Generation principle and mathematical model of this gear drive are provided. Numerical example is illustrated in terms of the established tooth profiles form. Computerized design and meshing simulation are also put forward. Furthermore, stress analysis of the gear pair is conducted and gear prototypes are manufactured using CNC machining technology. 
Generation and Mathematical Model of Tooth Profiles
where R r is cylinder helix radius, ri (i=1, 2) is spatial helix curve parameter, and p r is helix parameter. Transition circular arc curve D 3 is derived by mathematic approach and its location plane needs to be first determined. As shown in Figure 1 , T 1 and T 2 are the tangent at points K 1 and K 2 on the spatial helix curves D 1 and D 2 , respectively. The two lines are given to the A point. The normal lines at points K 1 and K 2 are expressed using N 1 , N 2 . The two lines are given to the O point.
According to (1) , its derivative can be calculated as
and, at point K 1 , we have the coordinate results (x k1 , y k1 , z k1 ) and ( 1 , 1 , 1 ). So the equation of tangent T 1 is shown as
Similarly, the equation of tangent T 2 is expressed as
With simultaneous equations (3) and (4), the value of point A can be obtained. Obviously, normal lines N 1 , N 2 are determined based on the above tangent expressions.
Normal line N 1 :
Normal line N 2 :
In simultaneous equations (5) and (6), the family of point O can be calculated and the point meeting the actual requirements will be further determined by the following conditions. A plane can be generated at three points in space. As shown in Figure 2 , suppose that the intersection point O is the circle center and the circular arc curve passing points K 1 and K 2 is drawn and it should satisfy the constant tangents T 1 and T 2 . The normal vector at the location plane of circular arc curve can be represented using the developed tangent conditions as
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Using the normal condition, it also can be written as
Considering that the results of (7) and (8) are simplified to unit vectors, it should meet the expression
The location plane of circular arc curve is provided as
We can find that the angle between plane y 1 O 1 z 1 and the location plane yOz of circular arc curve is , as displayed in (11) where r is the radius of circular arc and is in the range − arctan( 2 / 2 ) ≤ ≤ arctan( 2 / 2 ). Further, based on the coordinate transformation, the equation of circular arc curve D 3 is written as
According to the developed equidistance-enveloping approach [17, 18] , the tubular meshing tooth profiles are generated and general equations of tooth profiles for spatial helix curve D 1 , spatial helix curve D 2 , and circular arc curve
and
where h is the given equidistance with respect to the contact curves, (13) and (14) is written using (ℎ cos 1 cos 1 , ℎ cos 1 sin 1 , ℎ sin 1 ). , 21 = 0.2, = 28.6479 and 0 ≤ ≤ 1.0472 are given, where R r is cylinder helix radius, Z 1 and Z 2 are the number of teeth for pinion and gear, a is central distance, i 21 is gear ratio, p r is helix parameter, and r is curve parameter angle. We obtain the engagement drawing results shown in Figures 4 and 5 using MATLAB software.
Design of Tooth Profiles.
In this paper, normal section of convex-to-concave tooth profiles is provided. The main engagement region is set to the parabolic curves and basic parametric design of tooth profiles is given in Table 1 . Meanwhile, the scheme of tooth profiles is depicted in Figure 6 .
The left or right tooth profiles of double helical gear drive contact in point which is also the common tangent point. The double helical gear drive with curve element constructed tooth pairs is generated and it can be expressed in Figure 7 . For general conjugate surface theory, tooth profiles mainly are generated based on the given surface 1 and the established meshing relationship. And the only generated surface 2 is fixed. However, for conjugate curve theory, tooth profiles inheriting meshing characteristics of the conjugate curves are generated based on the given curve 1. The generated tooth profiles can be diversity if choosing the different curve form and contact position. Comparisons of two kinds of generation theory are shown in Figure 8 .
Compared with the existing gears, the new type of gear pair may have the following characteristics: (1) few teeth number and large module may be obtained without tooth undercutting. ( 2) The special meshing of generated convex and concave tooth profiles makes relative radius of curvature of the contact point longer and increases the contact strength.
The load capacity will be improved. (3) The tooth profiles mesh in point contact along the conjugate curves, and the approximate pure rolling contact between mating tooth surfaces may occur.
Numerical Example.
Numerical example is illustrated according to the developed tooth profiles equations. Through the generation idea shown in Figure 9 , we establish the solid models of double helical gear pair in terms of mathematical parameters in Table 2 . And the results are displayed in Figure 10 .
Computerized engagement motion of tooth profiles is simulated and the results show that gear pair rotates with a fixed transmission ratio and continuous motion. For the axial direction, tooth profiles mesh in point contact and there is no engagement interference during the mated gear pair.
Meshing Analysis of Tooth Profiles

Force Analysis.
Force conditions of tooth profiles in the normal direction are analyzed in Figure 11 and they are summarized as follows.
(1) Circumferential force F ti is
(2) Axial force F ai is 
Conjugate contact curves
Contact point Conjugate tooth profiles Then, the normal force in name is expressed as follows:
where T is the moment of force. is helix angle and b is the helix angle in pitch circle. t is pressure angle in end and n is pressure angle in normal.
Stress Evaluation Using FEA.
Stress analysis of teeth of gear pair is carried out and ANSYS software is utilized to analyze the process. To get ideal results of contact position and to guarantee of calculation precision, we take one side of tooth profiles as the object. Considering the actual engagement conditions, gear pair is plotted with hexahedron unit Solid185 using Hypermesh software. The network should be densely drawn due to stress convergence and contact position change. The unit size of contact area is set as 0.2mm. Supposing that tooth profiles of the pinion and gear are the contact surfaces and target surface, respectively, we adopt the Contact 173 and Targe 170 forms as the contact units for them. In addition, engagement action is assumed as standard and the contact stiffness factor in normal section is 1. Pin connection and multipoint constraint are, respectively, applied to the engagement pair. The gear inner surface unit and its rotational center are fixed. Hertz model is applied to analysis process of contact stress. Using the extended Lagrange algorithm and Mpc 184 constraint unit to the analysis process, finite element model of conjugate pair is established in Figure 12 . In this process, 20CrMnTi material whose properties are v=0.25, E=207GPa is selected. Torque applied to the gear is 1250Nm and angular velocity applied to the pinion is 0.85rad/s. Finite element analysis results of tooth profiles are obtained in Figure 13 unit. Because the applied torque is bigger, it will produce approximate two-point contact condition, which conforms to the characteristic of the parabola. Figure 13 (a) shows the contact stress result. The contact deformation of tooth profiles is obtained in Figure 13 (b). The equivalent stress condition is shown in Figure 13 (c) and the equivalent stress will not change suddenly when the gear pair meshes in normal. Figure 14 shows the maximum contact stress of tooth profiles during meshing process. The maximum contact stress is 763.406MPa, and the minimum contact stress is 476.689MPa. According to the presented results, the teeth mesh at the time of 0.1s and contact position locates on the edge. In the process of 0.2s∼0.4s time, gear pair meshes with double teeth. And the single tooth is in mesh after the time 0.5s, while at the time 1.2s the other teeth are in the state of edge contact. When the time is 1.4s, the teeth begin to engage out. Figure 15 shows the maximum contact deformation of tooth profiles during meshing process. The maximum value is 0.0353mm and the minimum value is 0.0064mm. The maximum and minimum deformation positions locate at the engagement in and out of gear pair.
Gear Prototype
Milling method is used to achieve the tooth profiles of gear pair. Utilizing the CNC (Computer Numerical Control) machining center DMU60 (manufactured by Germany DMG), the program of machining codes is developed with the ball milling cutter for generating the complex tooth surfaces. The processing of the gear pair is conducted and the generated gear pair is depicted in Figure 16 . Further 
Conclusions
(1) Research on the double helical gear transmission with curve element constructed tooth pairs is carried out. The contact curves of tooth profiles include three parts: spatial helix curve D 1 , spatial helix curve D 2 , and circular arc curve D 3 . Generation principle and theoretical mathematical model of tooth profiles are presented based on the geometric relationship. General tooth profiles equations are also derived in terms of equidistance-enveloping approach.
(2) Parametric design of tooth profiles is conducted and numerical example is illustrated according to the developed tooth profiles equations. Solid models of double helical gear pair in terms of given parameters are established. Computerized engagement of tooth profiles is also simulated. The results show that gear pair rotates with a fixed transmission ratio and continuous motion. For the axial direction, tooth profiles mesh in point contact and there is no engagement interference during the mated gear pair.
(3) Force conditions of tooth profiles in the normal direction are analyzed and the normal force in name is expressed using circumferential force, axial force, and radial force. Stress analysis of tooth profiles of gear pair is carried out based on ANSYS software. During the meshing process, the maximum contact stress value is 763.4MPa. The maximum contact deformation value of contact surface is 0.0352mm.
(4) Gear prototypes are manufactured using CNC machining technology. The further tooth contact analysis and dynamic and experimental studies on transmission properties of gear prototypes will be carried out.
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